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We study thermal properties of a large-N massless pion gas using a low-energy QCD approach
given by an O(N+1)/O(N) Nonlinear Sigma Model. We build diagrammatically the associated
finite free energy to O(TM3) in the pion mass expansion through an effective vertex that consid-
ers all the contributions coming from closed diagrams. Subsequently, we calculate finite order
parameters such as the quark condensate and its respective derivative, i.e., the scalar susceptibil-
ity, in the chiral limit, along with their associated critical exponents. These results are compared
with our previous unitarized scattering analyses for the chiral transition universality class, thus
showing a reasonable agreement both with lattice simulations and these resonant studies.
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1. Introduction and Formalism
Low-energy QCD phenomena such as chiral symmetry restoration are essential to understand
the behavior of hadron matter created in heavy-ion collision experiments such as LHC-ALICE
and RHIC, a fact showed and confirmed by lattice simulations [1]. Our purpose is to study the
critical behavior of a Large-N pion gas through its free energy by considering an O(N+1)/O(N)
Nonlinear Sigma Model with an explicit chiral symmetry breaking term given by the following
Lagrangian [2, 3]:
LNLSM =
1
2
[
δab+
1
NF2
piapib
1−pi2/NF2
]
∂µpia∂ µpib+NF2M2
√
1− pi
2
NF2
, (1.1)
pi2 =
N
∑
a=1
piapia,
where M2 and
√
NF are respectively the pion mass and the pion decay constant in the chiral limit.
Large-N closed dominant diagrams (O(N)) are obtained from the mass vertex in (1.1). Momentum
contributions are subdominant either by their large-N contribution (i.e., O(N0)) or their associated
Feynman rules are canceled due to their odd parity. Bearing this in mind, we proceed to build a
massive effective thermal vertex as it is shown in Figure 1.
according to (7) and (9), with hðxÞ ¼ −ð1=8Þx2gðxÞ.1
The above contribution z1 corresponds to the connected
diagram (c) in Fig. 1. The topology of this diagram is the
same as in ChPT [10] but here effective mass vertices enter
and derivative vertices are absent.
For two vertices, following the above considerations, the
dominant contribution in N, which is again OðNÞ, is
obtained by taking the two vertices as the two mass
effective vertices of Fig. 2. The corresponding connected
diagram is shown in Fig. 1(d). Thus, those effective vertices
count as 1=N each, the external bubbles connected to the
vertex also count as N, and the internal bubble connecting
the two vertices counts an additional N ¼ δabδab coming
from π2ðxÞπ2ðyÞ. Any other combination is subleading,
including the derivative vertices in (1). Hence, even if the
π2 contractions in fðxÞ are taken maximally in N, since
∂πaπa cannot be contracted at the same point one ends in
diagram (d) in Fig. 1 with the structure Nδabδacδcb ¼ N2
for one mass vertex and one derivative vertex and
δabδacδbdδ
cd ¼ N for two derivative vertices, instead of
the N3 structure of the two mass vertices. Following the
same arguments, other topologies of diagrams considered
in the ChPT expansion [10] are subdominant for large N at
finite mass, like diagram (a) in Fig. 3.
To calculate the dominant z2 contribution from Fig. 1(d),
we have to include a combinatoric factor accounting for all
the possible ways to choose a π2 in each vertex that is to be
connected with the other vertex. Thus, at each vertex there
is an additional ki þ 2 factor, where ki is the integer
labeling the power ðπ2Þkiþ2 at vertex i ¼ 1, 2. Hence,
we end up with a modified effective vertex function for that
diagram, namely,
M2
NF2
X∞
k¼0
ð−1Þkðkþ 2Þ

1=2
kþ 2

xk ¼ − 1
2
M2
NF2
~gðxÞ
x
;
~gðxÞ ¼ 1
4
d
dx
½x2gðxÞ ¼ −2h0ðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
1 − x
p − 1: ð14Þ
In addition, we have to multiply by 2 from the two ways to
contract π2ðxÞπ2ðyÞ and by 1=2 from the Lagrangian
expansion, so that the leading OðNÞ term for z2 is
z2ðM;TÞ ¼ −
NM4
4

~g

G1ðM;TÞ
F2

2
G2ðM;TÞ þOðN0Þ
¼ −NM
3T
32π

~g

T2
12F2

2
þOðM4 logM;N0Þ
ð15Þ
FIG. 2. Effective mass vertex. Dashed lines in the last diagram indicate the multiple insertions of pion tadpoles coming from
contractions of pairs of extra legs.
(a) (b)
(c)
FIG. 3. Different examples of subleading diagrams. (a) is
subleading in the large-N expansion for fixed M, while (b)
and (c) are of leading OðNÞ order but subleading in the M2
expansion.1Note that the function hðxÞ corresponds to −g2ðxÞ in [20].
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Figure 1: Massive effective thermal vertex.
This vertex takes nto account all possible insertions of thermal tadpoles coming from dia-
grams with six or more external legs. Its Feynman rule is written in terms of a function g(x) that
reads
g(x) =− 8
x2
[√
1− x−1+ x
2
]
=−8
∞
∑
k=0
(−1)k
(
1/2
k+2
)
xk = 1+
x
2
+
5
16
x2 + · · · (1.2)
G1(M,T ) is taken as in [4]. Since this is not a scattering approach, we do not consider any com-
binatory factor linked with the way the pion lines are attached either with external legs or loops.
Now, we are able to diagramatically construct the partition function for N massless pions.
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2. Free Energy and Order Parameters
2.1 Free Energy
By taking the limit M/F→ 0 and considering large-N dominant contributions up to O(M3T ),
we obtain a free energy that does not need to be renormalized after examining the contributions
coming from the closed diagrams showed in Figure 2 [5]. The dot (a) represents the constant term
that comes from the expansion of (1.1), whereas the Daisy diagram (e) depicts multiple insertions
of the mass vertex along a single loop. Any other diagram not listed in the figure is either large-
N subdominant or contributes as O(M4) (e.g., foam-like diagrams), which are divergent terms
avoided in this limit. The explicit form of the free energy is showed in equation (2.1), whose
corresponding Feynman diagrams are listed in Figure 2.
zc
(a)
z0
(b)
z1
(c)
z2
(d)
zn
(e)
Figure 2: Nondivergent Feynman diagrams of a large-N free energy.
z(M,T ) =−N pi
2T 4
90
−NM2F2
{
1− T
2
24F2
+h
(
T 2
12F2
)}
− NM
3T
8pi
{
2
3
−2h′
(
T 2
12F2
)
+H
[
−1
2
g˜
(
T 2
12F2
) ]}
. (2.1)
The corresponding functions h(x) and H(x) read
h(x) =
√
1− x−1+ x
2
, g˜(x) =
1√
1− x −1, (2.2)
H(x) = x2 +2
∞
∑
n=3
(2n−5)!!
n!
xn =−2
3
(
1−3x−√1−2x+2x√1−2x
)
. (2.3)
2.2 Scalar Quark Condensate and Susceptibility
First and second derivatives of this partition function allows us to respectively find the quark
condensate and the scalar susceptibility, whose thermal evolution in the chiral limit M → 0+ is
plotted in Figure 3 [5].
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Figure 3: Normalized scalar quark condensate and scalar susceptibility.
We also plot the f0(500)-saturated scalar susceptibility [6], along with the well-known ChPT
results [4]. We find in an exact way that the quark condensate scales as (1− T 2/T 2c )β with
β = 0.5 in the critical region, whilst the critical exponent of the susceptibility is γ = 0.75, where
χS(T ) ∼ (1−T 2/T 2c )−γ . Furthermore, we check that the condensate cancels out exactly at a crit-
ical temperature Tc =
√
12F ≈ 174 MeV, thus showing that the system undergoes a second-order
phase transition.
3. Conclusions
Our results show that this critical behavior rationally agrees with those given for the univer-
sality classes expected from lattice simulations. However, our numerical values obtained for γ and
Tc differ from our previous scattering analysis since this approach only takes into account contri-
butions coming from Nambu-Goldstone bosons.
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